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Abstract
The assessment of the comovement among international stock mar-
kets is of key interest, for example, for the international portfolio di-
versiﬁcation literature. In this paper, we re-examine such comovement
by resorting to a novel approach, wavelet analysis. Wavelet analysis
allows one to measure the comovement in the time-frequency space. In
this way, one can characterize how international stock returns relate in
the time and frequency domains simultaneously, which allows one to
provide a richer analysis of the comovement. We focus on Germany,
Japan, UK and US and the analysis is done at both the aggregate and
sectoral levels.
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11I n t r o d u c t i o n
The analysis of the comovement of stock market returns is a key issue in
ﬁnance as it has important practical implications in asset allocation and
risk management. Since the seminal work of Grubel (1968) on the beneﬁts
of international portfolio diversiﬁcation (see also, Levy and Sarnat (1970)
and Agmon (1972)) this topic has received a lot of attention in international
ﬁnance. In fact, a growing body of literature has emerged more recently
on studying the comovement of international stock prices (see, for example,
King et al. (1994), Lin et al. (1994), Longin and Solnik (1995, 2001), Karolyi
and Stulz (1996), Forbes and Rigobon (2002), Brooks and Del Negro (2005,
2006)). In particular, most of those studies have found that the comovement
of stock returns is not constant over time. For instance, Brooks and Del
Negro (2004) and Kizys and Pierdzioch (2008) found evidence of increasing
international comovement of stock returns since the mid-90’s among the
major developed countries. It has been current practice to evaluate the
comovement of stock returns through the correlation coeﬃcient while the
evolving properties have been investigated either through a rolling window
correlation coeﬃcient (see, for example, Brooks and Del Negro (2004)) or
by considering non-overlapping sample periods (see, for example, King and
Wadhwani (1990) and Lin et al. (1994)).
However, the comovement analysis should also take into account the dis-
tinction between the short and long-term investor (see, for example, Can-
delon et al. (2008)). From a portfolio diversiﬁcation view, the ﬁrst kind of
investor is naturally more interested in the comovement of stock returns at
higher frequencies, that is, short-term ﬂuctuations, whereas the latter fo-
cus on the relationship at lower frequencies, that is, long-term ﬂuctuations.
Hence, one has to resort to the frequency domain analysis to obtain insights
about the comovement at the frequency level (see, for example, A’Hearn
and Woitek (2001) and Pakko (2004)). One should note that, despite its
recognized interest, analysis in the frequency domain is much less found in
2the ﬁnancial empirical literature (see, for example, Smith (2001)).
In this paper, we re-examine the stock returns comovement among the
major developed economies through a novel approach, wavelet analysis.
Wavelet analysis constitutes a very promising tool as it represents a reﬁne-
ment in terms of analysis in the sense that both time and frequency domains
are taken into account. Although wavelets have been more popular in ﬁelds
such as signal and image processing, meteorology, physics, among others,
such analysis can also provide fruitful insights about several economic phe-
nomena (see, for example, Ramsey and Zhang (1996, 1997)). The pioneer
work of Ramsey and Lampart (1998a, 1998b) draws on wavelets to study
the relationship between several macroeconomic variables (see, for exam-
ple, Crowley (2007) for a survey). In particular, wavelet analysis provides a
uniﬁed framework to measure comovement in the time-frequency space.
The study of the comovement of stock market returns is crucial for risk
assessment of portfolios. A higher comovement among the assets of a given
portfolio implies lower gains, in terms of risk management, stemming from
portfolio diversiﬁcation. Hence, the evaluation of the comovement is of
striking importance to the investor so that he can best assess the risk of a
portfolio. On one hand, it has been acknowledged that the comovement of
stock returns varies over time. Hence, one has to be able to capture this time-
varying feature as it implies an evolving risk exposure. On the other hand,
the distinction between short and long-term investors should not be ignored
as the ﬁrst is more interested on short-run movements whereas the latter
on long-run ﬂuctuations. That is, if the degree of the comovement of stock
returns varies across frequencies the risk for each type of investor will also
be diﬀerent. In contrast with time or frequency domain approaches which
allow one to focus only on one of these issues, wavelet analysis encompasses
both. In particular, through wavelets one can assess simultaneously the
strength of the comovement at diﬀerent frequencies and how such strength
has evolved over time. In this way it is possible to identify regions in the
3time-frequency space where the comovement is higher and the beneﬁts of
portfolio diversiﬁcation in terms of risk management are lower.
In addition, we also extend such analysis to the sectoral level. That
is, besides considering the aggregate stock returns, we also distinguish ten
sectors for each country. For the international diversiﬁcation of equity port-
folios, the assessment of the comovement at the sectoral level also plays a
role (see, for example, Roll (1992), Heston and Rouwenhorst (1994) and
Griﬃn and Karolyi (1998)). For instance, it is important to assess if the
evidence of greater interdependence of international stock markets is con-
ﬁned or not to a small set of sectors (see, for example, Berben and Jansen
(2005)). Again, wavelet analysis can provide interesting insights on how
such international comovement has evolved over time across frequencies for
the diﬀerent sectors.
Hence, this paper provides a fresh new look into the characterisation
of the comovement among international stock returns. We focus on the
major developed economies, namely Germany, Japan, United Kingdom and
United States over the last four decades. Moreover, by considering the
decomposition of the aggregate index in ten sectors, we also provide insights
at the sectoral level.
This paper is organised as follows. In section 2, the comovement measure
in the wavelet domain is presented. In section 3, a data overview is provided
and in section 4 the empirical results for the major developed economies are
discussed. Finally, section 5 concludes.
2W a v e l e t a n a l y s i s
The wavelet transform decomposes a time series in terms of some elementary
functions, the daughter wavelets or simply wavelets ψτ,s(t). Wavelets are
’small waves’ that grow and decay in a limited time period. These wavelets
result from a mother wavelet ψ(t), that can be expressed as function of
t h et i m ep o s i t i o nτ (translation parameter) and the scale s (dilation para-
4meter), which is related with the frequency. While the Fourier transform
decomposes the time series into inﬁnite length sines and cosines, discarding
all time-localization information, the basis functions of the wavelet trans-
form are shifted and scaled versions of the time-localized mother wavelet.












s is a normalization factor to ensure that wavelet transforms are
comparable across scales and time series. To be a mother wavelet, ψ(t),
must fulﬁl several conditions (see, for example, Gençay et al. (2002), Percival
and Walden (2000) and Bruce and Gao (1996)): it must have zero mean,
R +∞
−∞ ψ(t)dt =0 ; its square integrates to unity,
R +∞
−∞ ψ2(t)dt =1 ,w h i c h
means that ψ(t) i sl i m i t e dt oa ni n t e r v a lo ft i m e ;a n di ts h o u l da l s os a t i s f y





ω dω < +∞ where
b ψ(ω) is the Fourier transform of ψ(t),t h a ti s ,b ψ(ω)=
R +∞
−∞ ψ(t)e−iωτdt.
The latter condition allows the reconstruction of a time series x(t) from its
continuous wavelet transform, Wx(τ,s). Thus, it is possible to recover x(t)




















The continuous wavelet transform of a time series x(t) with respect to

















where ∗ denotes the complex conjugate. For a discrete time series, x(t),













5Although it is possible to compute the wavelet transform in the time
domain using equation (4), a more convenient way to implement it is to
carry out the wavelet transform in Fourier space (see, for example, Torrence
and Compo (1998)).
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O n ec a ns e et h a tt h eM o r l e tw a v e l e ti sac o m p l e xs i n ew a v ew i t h i na
Gaussian envelope whereas ω0 is the wavenumber (see, for example, Adisson
(2002) for further details). In practice, ω0 is set to 6 as it provides a good
balance between time and frequency localization (see, for example, Grinsted
et al. (2004)).
Given two time series x(t) and y(t),w i t hw a v e l e tt r a n s f o r m sWx(τ,s)
and Wy(τ,s) one can deﬁne the cross-wavelet spectrum as Wxy(τ,s)=
Wx(τ,s)W∗
y(τ,s). In a similar fashion as in Fourier analysis, one can deﬁne
the wavelet squared coherency as the absolute value squared of the smoothed
















6where S(.) denotes smoothing in both time and scale (see, for example,
Torrence and Webster (1999)). Likewise in Fourier analysis, smoothing is
also necessary, otherwise squared coherency would be always equal to one
(see, for example, Priestley (1981)).
The intuition behind the wavelet squared coherency is similar to the
one of squared coherency in Fourier analysis. As it can be seen from (8),
the wavelet squared coherency is essentially the ratio of the squared cross-
wavelet spectrum to the product of two wavelet spectra, analogously to the
squared coeﬃcient of correlation. In other words, the wavelet squared co-
herency plays a role as a correlation coeﬃcient around each moment in time
and for each frequency. Therefore, one can use wavelet squared coherency
to measure the extent to which two time series move together over time and
across frequencies (while the squared coherency in Fourier analysis only al-
l o w so n et oa s s e s st h el a t t e r ) .L i k e w i s et h es q u a r e dc o e ﬃcient of correlation,
R2(τ,s) is between 0 and 1 with a high (low) value indicating a strong (weak)
comovement. Hence, through the graph of the wavelet squared coherency
one can detect the regions in the time-frequency space where the two time
series co-vary and capture both time and frequency varying features. In this
way, it is possible to provide a richer picture on the comovement between
two series1.
3D a t a
Stock prices data for the major developed economies, namely, Germany,
Japan, United Kingdom and United States are from Thompson Financial
Datastream. For each country, we collected Datastream constructed data for
the broad-based market price index as well as for the ten economic sectors
1Additionally, one can also compute the wavelet phase, which captures the lead-lag
relationship between the variables in the time-frequency space. However, the results are
not reported here as no noteworthy lead-lag relationship was found in the empirical ap-
plication.
7that make up the index, namely: Oil and gas; Basic materials; Industri-
als; Consumer goods; Healthcare; Consumer services; Telecommunications;
Utilities; Financials and Technology. Apart from a few exceptions, the sam-
ple period runs from January 1973 up to December 2007 comprising 420
monthly observations, end of period ﬁgures. The exceptions are: Oil and
Gas for Germany was not included in the analysis as the time series span
was too short; the Technology index for Germany only starts at December
1988; the Telecommunications index for the UK is available from December
1981 onwards and the Utilities index for the UK only begins at January
1987. We focus on monthly stock returns, deﬁned as the log ﬁrst diﬀerence
of monthly stock price indices and we use returns denominated in the home
currency of each respective country.2 In Table 1 some descriptive statistics
are presented.
4 Empirical results
In this section, wavelet squared coherency is presented for all possible coun-
try pairs in order to assess cross-country comovement (namely, US and Ger-
many; UK and Germany; US and UK; Japan and Germany; Japan and
US; Japan and UK). The wavelet squared coherency is presented through
a contour plot as we have three dimensions involved. The horizontal axis
refers to time while the vertical axis refers to frequency. To ease interpre-
tation, the frequency is converted to time units (years). The gray scale is
for the wavelet squared coherency where increasing darkness corresponds to
an increasing value and mimics the height in a surface plot. Hence, through
the inspection of the graph one can identify both frequency bands (in the
vertical axis) and time intervals (in the horizontal axis) where the series
2We also performed the analysis using stock prices converted to a common currency
and the results do not change qualitatively. The bilateral exchange rates are also from
Thompson Financial Datastream.
8move together3. For example, a dark area at the bottom (top) of the graph
means strong comovement at low (high) frequencies whereas a dark area at
the left-hand (right-hand) side denotes strong comovement at the beginning
(end) of the sample period. Moreover, through such wavelet analysis one
can also assess if the comovement has increased or decreased over time and
across frequencies capturing possible varying features in the relationship be-
tween stock returns in the time-frequency space. The black bold line in the
graph delimits the statistical signiﬁcant area at the usual signiﬁcance level
of ﬁve per cent, i.e., the wavelet squared coherency is statistically signiﬁcant
within such delimited time-frequency area. In particular, the ﬁve per cent
signiﬁcance level was determined from a Monte Carlo simulation of 10 000
sets of two white noise time series with the same length as the series under
analysis. All computations have been done using Matlab.
From the analysis of the results obtained for the broad-based market
stock returns several interesting ﬁndings arise (see Figure 1). First, Germany
presents a relatively high degree of comovement at lower frequencies with
US and UK over the whole sample period. Interestingly, since the end of the
90’s, this high degree of comovement has been extended to all frequencies.
Hence, there seems to be a change in the pattern of the relationship at
the end of the 90’s, whereas prior to that date the strong comovement is
conﬁned only to long-run ﬂuctuations while afterwards it is visible for all
sort of ﬂuctuations. This ﬁnding provides an additional insight on the fact,
commonly found in the recent literature, that there has been an overall
increasing comovement.
Second, the US and UK stock markets seem to present a high degree
of comovement over the last four decades (see also, for example, Kizys and
Pierdzioch (2008)). One can see that this evidence is true for all frequencies
but the highest ones. In particular, for ﬂuctuations with a duration less than
3As the continuous wavelet transform at a given point in time uses information of
neighbouring data points, results should be read carefully close to the beginning or the
end of the time series.
9a year the comovement is weaker. However, even at those frequencies one
can observe episodes where it is also high, namely around the 1987 US stock
market crash and at the turn of the century with the technology bubble.
Third, one can conclude that Japan presents, in general, a low comove-
ment with all the other countries considered. This low comovement of the
Japanese stock market with the other major stock markets has also been
found elsewhere (see, for example, Berben and Jansen (2005) and Longin
and Solnik (1995)). From the current analysis it becomes clear that such
evidence seems to be robust to the sample period and across all frequencies.
We now turn to the sectoral analysis.4 Through an overview of the re-
sults some ﬁndings immediately emerge. First, the results obtained support
the idea of a weak correlation between the Japanese stock market and the
other major developed stock markets both across sectors and across time
and frequency (see also Berben and Jansen (2005)). However, there are
two noteworthy exceptions, namely, in the consumer goods and technology
sectors. In both sectors there is evidence of a strong comovement at lower
frequencies between Japan and the other countries and in the technology
sector, in particular, the comovement between Japan and US and between
Japan and UK seems to have increased at other frequencies since the mid-
90’s.
Focusing now only on Germany, US and UK, one can see that in several
sectors there is a strong comovement at long term ﬂuctuations and interest-
ingly, in most sectors, the US and UK stock markets present a temporary
strong comovement at higher frequencies around the time of the 1987 US
market crash.
Let us now run through the sectoral results in more detail. Regarding
the oil and gas sector, there is a strong comovement at several frequencies
between US and UK over the whole sample period. In the basic materials
4For each of the ten sectors considered, we computed the squared wavelet coherency
for the same country pairs as in Figure 1. To save space such ﬁgures are not presented
here but are available from the authors upon request.
10sector, we ﬁnd a signiﬁcant comovement at lower frequencies between US and
Germany over the entire sample period as well as between UK and Germany
and US and UK since the 90’s. Note that between US and UK there is also a
strong comovement at ﬂuctuations longer than half a year and shorter than
three years since the mid-80’s. Concerning industrials, we ﬁnd evidence of
an increasing comovement between US and Germany and between US and
UK at lower to medium frequencies range since the 90’s (and to a less extent,
between UK and Germany since the turn of the century). In the consumer
goods sector, there is a signiﬁcant comovement at lower frequencies for all
country pairs. In the healthcare sector, the strongest comovement seems to
be between US and UK comprising several frequencies. Regarding consumer
services, Germany presents an increasing comovement with both US and
UK at the turn of the century for almost all frequencies while US and UK
show a strong comovement at the typical business cycle frequency range. In
the telecommunications sector, we ﬁnd a strong comovement at ﬂuctuations
longer than four years between UK and Germany and US and UK over
almost the whole sample period and between US and Germany since late
80’s. Concerning utilities, we ﬁnd a signiﬁcant comovement between UK and
the other countries at lower frequencies. In the ﬁnancials sector, Germany
presents an increasing comovement with both US and UK since the mid-
90’s at several frequencies while there is a signiﬁcant comovement between
US and UK over most sample. Finally, in the technology sector, there is
evidence of a strong comovement at long-term ﬂuctuations since the 90’s for
all country pairs whereas US and UK present an increasing comovement at
all frequencies since the mid-90’s.
In summary, in terms of the aggregate index, among all the country
pairs considered, the US and UK stock markets seem to present the highest
comovement across time and frequencies while the Japanese market shows
a low degree of comovement with any other major stock market in the time-
frequency space. Regarding Germany, we ﬁnd a high degree of comovement
11at lower frequencies with US and UK over the whole sample period and
since the end of the 90’s this is also observed for all the other frequencies.
At the sectoral level, the weak comovement of Japan with the other countries
is also, in general, present while Germany, US and UK show a signiﬁcant
comovement in several sectors at lower frequencies.
Let us illustrate the importance of wavelet analysis for risk management
(see also Gençay et al. (2005) and Fernandez (2005, 2006)). To highlight
the implications of the above ﬁndings, we perform a Value at Risk (VaR)
analysis. The VaR is a widely known tool for risk assessment and it can be
interpreted as the maximum loss of a portfolio not exceeded with a given
probability over a period of time. The VaR at the (1−α) percent conﬁdence
l e v e lo fap o r t f o l i oo fk assets can be written as
Va R (α)=V0Φ−1(1 − α)σp (9)
where V0 is the value of the initial investment, Φ(.) is the cumulative
distribution function of the standard Normal and σp i st h es q u a r er o o to f













ωiωjCov(ri,r j) i,j =1 ,...,k (10)
where ωi is the weight of asset i in the portfolio, ri is the return of asset
i and σ2
i is the corresponding variance. From (10) one can see that the
portfolio variance can be decomposed into two terms whereas the ﬁrst one
is strictly related with the variance of stock returns while the second term
reﬂects the comovement. To make clear the importance of the comovement
for risk assessment, we compute the VaR of a portfolio assuming that there
is no comovement between the assets and the VaR of the same portfolio
but without this restriction. In practice, we compute the portfolio variance
discarding the second term of (10) in the former case while considering both
terms in the latter case. To ease the comparison of the two VaR, we compute
12the ratio between them which resumes to the ratio of portfolio variances. In
this way, one can assess the percentage increase/decrease in the VaR due to
comovement. If the ratio is equal to one then it means that the comovement
does not change the VaR while if the ratio is higher (lower) than one then
it means that the comovement implies a higher (lower) VaR.
Let us consider an equally-weighted portfolio, whose value is measured
in US dollars, comprised by the four country broad-based market indices.
Resorting to the wavelet counterparts of variance and covariance in (10), we
computed the above mentioned ratio in the time-frequency space (see Fig-
ure 2). Firstly, one can see that the ratio is almost always higher than one.
That is, whatever the frequency or the moment in time, the comovement
among country stock returns implies a higher VaR. Naturally, from a port-
folio perspective, a positive comovement among stock returns increases risk.
Moreover, as expected, given the results above discussed, the comovement
has a diﬀerent impact in the VaR across frequencies and time. One can see
that the ratio is higher at low frequencies over the whole sample period (the
VaR is higher around 80 per cent) and it has increased over time attainnig
higher values at all frequencies in the latter part of the sample period. This
evidence reinforces the above ﬁndings regarding the fact that the beneﬁts of
international portfolio diversiﬁcation vary across frequencies and over time.
5C o n c l u s i o n s
The assessment of the international comovement of stock returns is crucial
so as to shed light, for example, on the potential beneﬁts of international
portfolio diversiﬁcation. This paper provides a new look into the comove-
ment measurement of stock returns by resorting to wavelet analysis. Wavelet
analysis allows one to assess the time- and frequency-varying comovement
within an uniﬁed framework. This analysis is of particular interest in the
context of the study of stock returns comovement as it is by now a styl-
ized fact that the degree of comovement has changed over time and because
13o n es h o u l db ea b l et ot a k ei n t oc o n s i d e r a t i o nt h ed i s t i n c t i o nb e t w e e nt h e
short- and long-term investor, that is, the frequency domain. In fact, with
wavelet analysis one can take into account the time and frequency domains
simultaneously.
In this paper, we consider the stock returns for the major developed
countries, namely Germany, Japan, United Kingdom and United States over
the last four decades and besides the aggregate index we also consider its
decomposition in ten main sectors, so as to provide insights at the sectoral
level. A noteworthy ﬁnding of this paper is that the strength of the comove-
ment of international stock returns depends on the frequency. In general,
we ﬁnd that comovements between markets is stronger at the lower frequen-
cies suggesting that the beneﬁts from international diversiﬁcation may be
relatively less important in the long-term than in the short-term. Therefore,
the nature of the investor, in terms of short or long-term proﬁle, should be
taken into account when addressing the international portfolio diversiﬁca-
tion problem. We also found that the strength of the comovement in the
time-frequency space varies across countries as well as across sectors. For
instance, even though the Japanese stock market is generally weakly cor-
related with the other developed countries stock markets considered (as in
Berben and Jansen, 2005), there are some sectors (technology and consumer
goods) displaying strong comovements at particular frequencies and time pe-
riods. Finally, it was also found that the degree of comovement has changed
over time, in line with the ﬁndings of Brooks and Del Negro (2004), among
others. However, such changes are found to be conﬁned, in several cases, to
particular frequency ranges. Moreover, the detected changes are of diﬀer-
ent natures regarding their persistence in time. For example, the degree of
comovement of the German market with the US and UK markets is charac-
terized by some permanent changes over time: a gradual but steady increase
of the comovement at the lower frequencies, and also a sudden increase after
the end of the nineties for the other frequencies. On the other hand, the
14episodes of stronger comovement at higher frequencies between the US and
UK markets around the 1987 crash and at the end of the century technolog-
ical bubble are clearly of a distinct transitory nature. The ﬁrst phenomena
may be explained by the increased integration of ﬁnancial markets whereas
the latter may be associated with contagion. All these results highlight
the importance of taking into consideration the time and frequency-varying
properties of stock returns comovement in designing international portfolios
as it may inﬂuence the beneﬁts of international portfolio diversiﬁcation in a
non-negligible way.
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19No. equities Mean St. Dev. Skewness Kurtosis No. equities Mean St. Dev. Skewness Kurtosis No. equities Mean St. Dev. Skewness Kurtosis No. equities Mean St. Dev. Skewness Kurtosis
Total 250 0,01 0,05 -0,87 3,29 992 0,01 0,04 -0,63 2,77 547 0,01 0,06 0,22 9,48 1000 0,00 0,05 -0,27 1,57
Oil and gas 11 0,00 0,08 -0,75 0,29 87 0,01 0,05 0,00 1,13 25 0,01 0,07 0,29 5,40 11 0,00 0,08 -0,01 1,64
Basic materials 20 0,01 0,05 -0,53 1,35 48 0,01 0,06 -0,40 2,63 27 0,01 0,07 -0,32 3,67 102 0,00 0,06 -0,18 1,29
Industrials 62 0,01 0,06 -0,56 1,73 165 0,01 0,05 -0,52 3,22 111 0,01 0,07 -0,26 4,41 223 0,00 0,06 -0,43 1,56
Consumer goods 30 0,00 0,07 0,15 5,96 91 0,00 0,06 -0,67 2,98 35 0,00 0,08 -0,34 2,84 186 0,01 0,06 -0,29 0,99
Healthcare 18 0,01 0,04 -0,51 1,98 97 0,01 0,05 -0,21 2,98 18 0,01 0,06 0,05 8,01 50 0,01 0,05 -0,29 2,04
Consumer services 23 0,00 0,06 -0,50 2,39 123 0,01 0,06 -0,67 3,21 81 0,01 0,06 0,04 6,71 163 0,00 0,05 -0,23 1,70
Telecommunications 1 0,00 0,08 -0,44 3,54 17 0,00 0,05 -0,11 2,33 7 0,01 0,07 -0,24 1,16 7 0,01 0,09 1,12 2,99
Utilities 10 0,01 0,04 0,08 0,86 63 0,00 0,04 -0,13 1,25 10 0,01 0,05 -0,15 1,19 20 0,00 0,06 0,76 5,60
Financials 58 0,01 0,06 -0,78 4,21 205 0,01 0,05 -0,30 2,20 206 0,01 0,06 0,13 6,77 165 0,00 0,07 0,31 2,29
Technology 17 0,02 0,11 -0,43 2,72 96 0,01 0,07 -0,48 1,93 27 0,01 0,10 -0,37 2,78 73 0,00 0,08 -0,05 0,74
Table 1 - Descriptive statistics of monthly stock returns
Germany US UK JapanUS vs. Germany UK vs. Germany US vs. UK
Japan vs. Germany Japan vs. US Japan vs. UK
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